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ABST RA CT

The ~~tpe r i~; ~~~nv~’ i i i t d w i t h  the’ isymptot i c bt ’hav I ‘F d~ ; t ot 1 Ut i~

u (x , t ) ot the equat ion

— 

~~~ 
— t ( t i )  ~ ii , x ~ ( — ‘ - , “~) ,

in  t he  ~~~~ t (~~) f ( 1 )  0 , w i t h  f (u)  ~I I — }~ ’~; i t i v ~’ t~ ’r u ( ~ 0 )  ~; t t i t t n t  l v  F
• ci ~ t o  ~~t ’ ui  1 f (u ) non—n eqa t  ive f or u ( I )  su f t  i c io n t ly c I o~;e t ~ ‘ 1 . Thi

‘1 t t~ ~tn t e~ t he tut ie~tteti ’t~~ (httt not t tie ox ~;t t’flt’t’ of a t ravel I in q fon t ~oi ut i ~n

u U(x — ~t ) , U ( — ’ )  0 , U( - ’ ) = I , and i t  i~ ; ~;hown in e~~~;o ? 1 c ’  that ~~‘Iut i~ ’n~

w i th  monoton i~ - i n i t i a l  da ta  converge to  a translate ot t h t ~; t rave l 1 m i  t t o u t i t  i t

cxi ~;t , and t o  •~ “~;t ickt ’d “ combinat  ion of travelling t rent i I i t  dot S no t . Tht’

~i ’ p  ro~t~’h i to ti~~t’ the monot on Ic’ it y to t ike u and t ~i~; i ndepcn~~’nt V ~tr  ~ t ’ io~

un! p u as the It ’pt n dent var iab le, and app ly i dta~; ot ~;til ’— and supt ’ r— ~~ I tO i ‘ I I

t o  the d j f f ~ sj o~ equat i on fo r  p
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SIGN IFICANCE AND EXPLANATION

The nonlinear diffusion equation stated in the Abstract appears

in ntinerous applications , for example combustion theory , population

genetics , s ignal propagat ion in nerves, and other chemical and biolog ical

situations. A central question is the patte rn into which the solution

develops with increasing time.

The type of result obtained in this paper is that if a steady-state

travelling-wave solution exists , and if the funct ion f in the nonlinear

d i f f usion equ ation in the Abstract has a certain form , then the solution

of the problem wi th  s teadi ly increasing or decreas in g Ini t i a l  data w i l l

tend to the t ravel l ing-wave solution for sufficiently large times.
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A I’ILASE 1- l A N I  1~~. ~~~~~ I N ‘ ‘I - \ N V I

‘I\ -r ltAv l:l u I N ;  FRONT S ht ’ -  N N I .  INEM~ I ’  i i i  l~~ . I

I . t t : l  i• • . I . ’ I I I  1 • I .

I . l i t  C ~‘l I

r I t  •e~ 
c i  c I~~ w t y  ot L W I I I c I  ill a l t -c liii t v t  i c I t i l t  ‘1 1 i - l I  I t S - I t , II - . .  .1 1- - . -

lii ii e • t  i I. t c i  t~ c i  (.1 1 . T h e  I P ill I I t i L t  c i  I It i~iflh C C c i t t  I •e I t•i t t i  c . it. - , • i i  I c i  1 .

‘ p it  • t t f i  d c - i  - i t  I ,~• .11Cc1 tic,’ I~c o l I c  • t t t  q u it e  - I t t  t e • i ,- i i t  • I . 1  t I ,  .~~~~;t i,- , ! i c  I- ’ i —

.111 t i i q  I It. m •ei ui i c u l - , t c iii I .  • but  wc- L. t h i s  i t t t t  • I i  L e t  I ’~’ • T I I l e t ,  I I t  I t i c  1 1 ) 1 . ,

c I ur t h cr  h i s t  c i  i c a l  and l t I ’ l  u q i  t i t i t c a l t , t k~u i  111C c1 . I~~O im l oi t an t  I ‘ ‘ t ’h t  h

t t ’ i ’ c t c I wh it t . c~.t we i t  ( t i c  ci I ~~~ by u t  it .  ( I  t il l t I t v i i i i t 1 • W I l t i I I t  •q . - .a 1’

t .tkt •ic 101 ‘ , I tau t t i t  i f l t t  C C I  to that  CCC the’ j i t s i c i lt  ~~t~~t I  • Iii 1~.’1 it t - i i i  l i e 1 it ‘ t i  I

K ~ it ~~i I c  c v —  l e t  •vs;K i t — I t  skunov C SSC t h ia r t  t • he c ase  cli  i t - u ; t e l  h i  us • In I , 1 0 1 1V c  I 1 t I .  C —

i t ,  c i t v , ut hot i l l  the K — i — P  c t t ; p  i t t - I  t ’ i  I St c ts i  wh euc  h e ,  c u t  u t u i t  • ! i t t t 1 I  I I  ill . 1

We ii p •~~~it~~, e  in- I w i t h  the i-u i ,  t u t u  I i i i  v a h i t  ~ i c •t~ I e t i u t • • j  I it. lion li t,’_ ii ~l U t t  ‘it e~~~t l t I  i t ’ll

( 1 . 1 1  ii — ci — I t i l l  — 1) ( — . . c ~~~~~~ . c  , tt x x

(he m i t  t a l  value ’  t . u t t j ,  s ty ,

( 1 . 2 1  U I X , 1 — r lx )  h — ’  x ‘- h

i t i c • c p I e ’ C t  n i t  1 i n ter e s t  i s  the behavior aic ~ ‘ ‘ ol t I n  s o l u t  c o l t  u I X . t • tut I l i t

h a r t  t u l a c  cin ib ’ i w h a t  c it  c Icm t ;t  au i ~ - t u  it  does i t t  I c c u  ui ’t I t o n i  I ~ •e I e n t - h  I 111cC C C I I I

solut eon , a i i  av e I t  t e c u f ront t’,• m u  a s o lu t i o n  I ( 1 . 1 )  c t  the I c ’tii c U — I I X  — 1 I c C

stifle c (t he vel - i t y )  , w i t h  the  l i m i t s  t t ( t -. ’t ex i s t in q  and tint ’~ U al . A; m e t  ~~

w e  I I t I p? I he nonnal I zat  ion tha t  f (~1 w i t h  I t~ 1 f t  1) • 0 • sc ’ I t t . i t  ii • 0 ii1d

ci 1 ar e 
~~~ 

t i cu lar  solu t ion s of ( 1 . 1)  , and we t ak e ’  t t ( —  ‘i • ~ , P 1 • I . W i t  It ( l i t , ’

assumi t ions on I , i t  I sc a st afldard t , • e ; u  I t  t ha t  i t  ~
- s 

~~~ 
t O W  C ste c c i t t  t i c  icons and

I t o t  all x • t hen the’re’ t x c c t s  t n t  and onl y ~~~~~ L’ocin~b’d h . i s s c • i l  ;c ’ l I i t C c i i

u(x ,t t  ‘f ( 1 . 1— .) , anti 0 u ( x , t 1 1 Iou a l l  x , t . h~ ’ sli.all •i lw. i v  m.~ko t ! t e ’s;c

assumpt ions  ott 4 and I , and sh a l l  be ~oiu- e.i’n, ’cl o n ly  w i t h  t I c  ii; tin iqilt ’ bocin~tt’d - C i i i  t c l t

c~~ir ma t ic  i t  , c ~ t i i i  121 wa s Ic’  sh~~ t h a t  , untie t- m i i i  imal  •assum~’t t ou t s  on , when

f t  (i t )  I ’ • f ’  I t  1 0 , t he  s ol u t ion  c i ’ ii t a ’ i c l t ’ S  cmi  f o n u l y  t o  one c t  v a t  i t t  t v 
~~~ 

‘I

t rave l  I h i d  I i  ‘i t t  OOfl I i c ~~t i t , j t  C c l i i i . VICe’ t I t t  i t ’ ~~t i i l c ~~i ica l r e su lt s  c c c  L~ 1 a te .  t l i e  t o t  l c e  I n t l .

SI .ona or ,’d icy t in’ I; St a tes ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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Theorem A (Theorem 1.1 of ( 2 1) :  Let I c1 (0 ,11 s 1 ~ 1(0) • f (l) — 0 • I • (0)  .. ~t

f ( L) 0 • 1( u)  ‘ 0  for 0 u , f lu) ‘.0  for tc~ 
.- u 1, where 0 

~

Assume ther e exis ts  a travellin g fron t sol ution Li of (1.1) with speed c

Let • satisfy 0 ~ 1 , and

(1. 3) lim sup •(x) , u r n  in! •(x)

Then for some constants • PC and w , th’ last two ,positlve , the’ soluti on u (x,t )

of (1.1— 2) satisfies

u (x , t )  — U (x—c t-z0~

The exis te nce ot a t  r a v e l lj n q  f ront  Is not guaranteed by the othe r condit ions on I , a lthcc uqh

sufficient conditions for its existence are contained in t2 of (21 . We shall be re turning

to this poin t later , but if I do.. satisf y these sufficient conditions , then of course

th. existence ssacaption th the statement of Theor.m A can be dropped. A particularly

impo rtant case is that of the degenerate Nagumo s equation , in which - . In this

case a travelling f ront does exist. Notice also that Theorem A certainly implie, the

uni queness of the travelling f ront (mc~duIo translation).

Theorem A asserts that a solution which vaguely resembles a front at some initial

tim e will develop uniformly into such a f ront as t * . “Vaguely resembles” simply

means that the solution is less than far to the l .ft  and greater than c~~ far to

the right . Of course , if the words “l.ft” and “right” are interchan ged in this statement ,

the setee conclusion holds 1 the f ront will then f ace right rather than left , and w i l l

trave l in the opposite direct ion . This corre spon ds to the fact that the equation ( 1 . 1 )

is invariant under the transformat ion x * —x , but an increasing fun ction of x be- - 
p

come. decreasing and a positive speed becomes a negative one.

The r. are also situations in wh ich the solution wil l  develop into a pa ir of such

front s , moving in opposite directions . This is the gist of the second theorem .

Theorem B (Theorem 3 . 2  of ( 2 1 ) e  Let f satisfy the hypotheses of Theo rem A , and in

(1.41 rI I t )  do > 0
0
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i t  i - ~~ -~ (I .- I , and

( I .  ~ ) I t r n  -t up (x) - t , Cx) - i
~ 

~ ‘~ 
- x -

cc a r id  I. an  sicif l i j~c ’ s ; i t 1 V t ’ n usebe’ t c; . Then i i  C- ls s i U t U e 1 o ~~~~~~~~t~~~~Jo ( c k j~ i ; 1 ~~~~_;

on ‘ and f) , we have C i t  S Oin t- - onst an t s  x0 
, x 1 , K , anti ,- (tilt Lt~~t t W c  lu,; i t  iv . - ) ,

m I x  • I I — Li (5— c t  -x  I , x - 0

— -t
u ( x ,t I — P ( - x - ct— 5

1
) - Ke -- 

, x 0

The 555usd -I ion ( 1 . 4 )  tunpl i t ’,; t h a t  a travel 1 jn~ fr o n t  cu We have c i t 1 t e i t ci i t  ( i  . t -  . i i i

enc rvas i i i c ;  function) has speed c negat ive and so moves t o  the’ i t - f t . T h i s  is I u v t -d icc

( 2 . 7 )  of 1.11, hut  i t  ii ;  an immediate~ concc equenc - t c ’t  mu lt  1 j - l ~~ir l q  by Ii • and  m e ; t e q r . c t m u g

• ) the. , ~u a t  ion

* c t’ + f ( t ~) — Lt

for the travelling front. The intuitive meaning of (1.1’) is that the x—u nte rval on w h i t -h

u is near t he  value  1 is f i n i t e  and is e longa t ing  in both d ir e c t i o n s  w i t h  u l c e t ci C~

If the inequality in (1.4) is reversed , and appropriate changes in (1.5) are’ mi d. - , then

an analoqous convergence result  is still obtained but w i t h  the in te rva l  on which u is

near 0 e longat ing.

Finally, there is the case in which there does not exist a travelling front w i t h

range (0,1). This can happen (in view of the existence of a travelling front for the

degenerate Nagumo ’s equation ) only if  f has more than one internal zero. To each

t r i ple of adjacent zeros with properties analogous to the zeros (0 , i , l) of Nagumo ’s

equation there of course correspon ds a t ravel l ing f ront with characteris t ic  speed and

characterist ic  l imits at • ‘- . For simplicity consider the case of two adjacent t r iples

of this type (thus five zeros in all), and a solut ion of ( 1.1)  with  ran ge equal t i  the

combined ranges of the two t ravel l ing fronts. Let c 0 , c1 
be the two velocities ,

ordered by increasing u . If  C
0 

< C
1 
, we ehow in (2 1 that the solution w i l l  tend to

split into two separate travelling fronts, becoming very flat for u near the ’ center

ze ro of the five , and that there exists no simple travelling front with range from the’

f i rst to the fifth zero. If C . C
1 , howeve r , there exists a uni que such t r a ve l l i nq

front , and this corresponds to the fact that in this case a sp l i t t in g as described

- 3 -  
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ahctc •vc w c c t t . i  C i i , )  t m c i  C~ ics~~~c~- - - i I ’ I .  - Moie~ - 4 , - u .- t a t l ~ ~~~ ‘ 5 -  j 1 - - I ‘. t i ~ i. I - i t

~~ ;•- - i. -rn C . 1 ct  J I • - t  I C u  ) • 0 and I • Cu 1 1) 
• i — 1 ,~~ 

I , ~~~~, c ,
- - — — — -  1 -

• c u~ . et t C;.’ is. n’s i r n t  t ave.  C liii I t  on • ‘ - ) .in I - 
- 

x — c  , t I i.m I t ~e ic ~~

(U
1 
.0 , 1 *Iit ( i i  ,U 

~~~~~~~~~~~~~~~~~~~~~~~ 
Assume - - c - lce’t  b e t  C ; .  1t.~ ,mt z~~~I c c ct

‘jn.~ t rrthact t i
1 

and - t t he. j~ ’atest *cti’ less than u . i - (x \ u~ • and

u r n  t~’ • , lute m t  ~~~x l  e , -

Then theic, estei t cons t ant.  cx K , and , the’ last two j~~’ i . t t  mi-o , stt ch th. at

U 5 ,1 i — 

~ 
ix - -

1
t— x

1
1 — ~~, lX— c ,t- x , 1 5 

~• -

This implte ’s , in particula r , that

fo r  u~ ‘

I t s’ u (’t , t~ • U , to t  ‘

U
1 

t c ~ d s ’
,
, S

The work in the  ~‘vesent paper st n ’m~ f irm t wo ~tt’st’rvat ion. on these’ r e s u l t s .  ‘flit’

t i t s , t is that i t  would tm a useful extension t o  be able  I . ’ drop t h e  r e s t l i c t i o n S

I’ m- ’~ ‘ 0 ,  C ’ ( l l

~t i’m an ime . l i a t e  ccslseiu.nce of i t .  ‘I that

t t u ~ 0 t ’ t  u ( ’  .‘~~ su ’ti men t l y neat 0

L. f ~~i ’ ‘ 0 t ’ i  U l i s i l  suffici ently near 1

and t h e  c~~t n t i l i o n s i t .  i i ’  are importan t in t h a t  i t  i s  pi  .‘i’t’.l i n ieiitea .~~. 3 ‘f h~ I that t C ; e ’v

guarantee that , i f  a t r a v e l l i n g  f ron t exists , t hen  it is uni que (sie’cdulo t r a n s l a t ion ) .

Oonv,rgenc. r e s ult s  mus t be easier t o  1’rove when there i~ a unique l im i t  tot the ’ conver-

gence , ~nd s.- we re ta in  ( 1 . 8) but .ir ’p (I. ’). This allows us t~~ consider , tot examr l t ’,

th. equ at ion t i s cucese t i’V %an.t ’ 14) tot  th e combust ion ‘1 certain gases , i n w h i c h

1(u ) ~ 0 for u , (0 , c I  , f ~ii ‘ 0 to t  it cc

The work in 1 )  .~‘i’ende ‘r ij ota l l y  on the assumr t ions il ,~~1 , and an a lte rn at ive

approach is therefo re  requ I red. The second observation is t here fore  that the concept ci

~~~otonLctty clearly has scm. s igni f ican ce  in these results (it is prm ’ve’i in Lmnina .‘.1

of ( 2 )  that all travelling fronts are re,’c.ss~rilv monotontc~ and that it is cc wel1-knc’~rn

result that the monotOnicity of • in ~ ..‘ I  implies tha t  ~-( the  c%’l-resltondinq s~ 1ut ion

u Cx , t 1 , as a fiinct ion ‘f x , t o ,. a ll  t 0 . (Ti’ pi cv,’ t h i s  • i i  !t event ‘at e ii  . 1 )  w i t  Ii

4-  -
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i s  , . u ;c i  C , - C . ; : .  C , i u  -: ; ciu C; ’ 1. - s c .  . h t - : i s .  S - m c  v . c  ce a ’

• - s ; , C —  (~~
- m c c l : ;  Cm ’ , l )  - I Cc. ’ i t S -Cl  1. - u  U , r u s t ’  . , -s ’..e t -: . c u s . e  u s - i - . C - h - .i ;. i S  h ’ h i s - , , m s: S

- i s ; 1 ~- - ‘ . .  • , . c555 ; u c ’, 5 c f l  C C . . . - u . -s~ - - . . i ’~, - u u ~’.-,- . u s ,

-~~~~~‘ : ; 1 . . i l  ~~~~,- - - u , - s s s t c i t  t u S C - - C u . - 5 ~ I S i s  i 5 u 5 . - I :  1 5 5 ’ . , ’ .  C i - ’ W-uuu ~~,

- Cs ’( C - _ 
C 
10 .1) . ,cct - - C . , C .  S 5’~ • C . ’ . l~ , (04 — C • , m u 1 0 C

4

u .  (c ~, i ” , C m ~i) (3 fu r  U .  ( , i ) , -

~ 
( ( u I - C s ; 0 .  C e n t h t u , ’ - x i s t s ., ’ s u ’ . ,  5 5 : ’

u. ’l :O ; - u ;  Sj c x ~ - C )  i l . t I  , un~~~~.’ - moduj o_ t i . - t i o n t : - . .- c - c - , i i . 5 -  ‘ _ _ i ~ _
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I c i Z l c t 1 c ’ s t  3 C I , - ‘ 4  w i t  . , ‘ 1 • 0 ‘~_~
- I ‘ -‘ , SU~ I It  , :011 I c ’ U’-: I ~~

(~ 
ci) , u s I )  — 5’ t X 01 —~~ I t  I I —

as t ‘ , wi se ’ t o  U is  th e  s; , ’l ut i o f l  ot  t C:t ~ ~~u t  i.cl V ,ib~~~~~~~_ c ’S l t ”.Sl 1 .~~~~.~~~~c c t ~~ t ’~~~~~~ . C u-

— to the initial fun ct ion

~si s it ’ s; , ; l t c ,’ i C , ’:;C’ .-’C :ds; t~~ Tho, ’ u , - us’. , in that  t C ; t ’ c c T l c l l t l c ’C: s u r.:~ - . . ci c ’55 C - i t ’ -

sot f t c  l en t t~~ j:i,er . tnt  cc ’ t h e ’ c x i  si t  on c e ’ of si t r ave l  I in q  front . I t c,-i:u t’o ,‘. oss, - t . t  I m :o 1 m i s -

in Theorenc 4 . 4  is: . 4 1  t o  cci’,’ i any f ct-hi oh m .it j s f  it’ s an’,’ of ( h i ’ s o C  C - l O O t  c OCSc i  C . uc

for  the’ cx i~ t o nc e ’ ci a travel 1 xnq f ron t  U i v e ’n in  ,C 01 12)  , 01’ t’c~ t I l ’,’ ,I I o~~t lv SS , -:sOss, i: .‘

2 .n  oh the’ p r e sen t  (‘dl S’ r .  Theorem A in cf f ec t  make s I Cs, - t ’x i s ;t  once’ of .t t t~~t\’ t ’ ‘L I  ICI ’ l  C C c~~~ t

in i Is,’) f s u f fi c i en t  i c r  con vergence , but we can not  t ,‘ac S: t ha t  .1t ’c~ 1~e’e ’ ‘i , Ct ’SS , ’ t , , I i t  V It ’ C e ’ ,

The resul t  (1. ’i ) is I-roved by f t  rsu t ol’t ~ in  i ss~i -i ~-‘onvorc1t’n ~ e ’ r e s u l t  in  ( C c c  t C in s ;  C ~~t r-1~ ci

var iables ~~‘, u , t 1 and then i nt eq rat in~ hack .

The c’cnvt’igt’Iicl’ state ment in (1 c i )  j e ’  much weaker  I i s , i t l  I Cu it i n  r ic , ’c’C tOSS ~¼ - N c ’( - ‘us lv
C.-

cI~’ we not ha ve ex ponen t i a l  ‘on vi’ I c l t ’C c c ’• ’ , we ’ do n~ t evt’n have ’ Un I fo ro  cosu ye’ i-clt ’ct cc’ I c .d I -

S(’e ’c ’i I ic t ravel  I m o  f n~n t  . The Sc’lcl t ion takes up tls t ’ c ’c’t l o c h  “sCc,ic-s’ “ asvlIM’t 011  ‘.il lv  ,css.1

— ç  —
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I C .  - c i t  . - . C -  -t - t C  - C - u I  -. 1 : 1 c c ’ Se - ~, ‘ : . c . .  vc5 t t y  t S ..s ’. , ‘ i i  I ‘ 0 i -  S • “, i S cs - - I ’  .. ‘ , i t  I

- 1 , ’ .c t i c m i t t .  l i m i t  • s, ~t~ - c , - l  ~~C i c ~~ C O a t  l O t te  i s a 
~~~~~~~ 

t l i c  l i m i t  i c t . ~ t t a t - t I  lii i

t i , ’ c m t  - :‘. u s ,  : ,t ’ e’mc , t . - s - ,  e s -  i t . , ’’,-;t ,,t-l~’ . c S S ; r . c’_ I ’ i t ’ S t c e’ , ‘t t e ’ t~~~~ i t i - ~ 1St , ’  . , ‘ n , i t t  t o n s  t • i - )  ‘ 0,

I’ S )  0 .

S t  i S; ,~~ e t c  t l”’m ” it’I ~’ I -- i n c p t c.-’ve ‘u t  , 1 • an ~l t -  ‘hI a tic c c l i i ct’ tcj,’cn c ,  at ,e - ‘ - x c - ’ -: - - -

t i a l  i l , - I -
_ .5 ‘ m C t ’ , i l l ,  I i~~vel  1 Lii ) I t o ot  , 1 0 5 1  ,te’,l I I at c ’Zit ’ i ’m I’reI-aremI to mak. ’ c, - a v  i t t

.tcc ~~m iSfl (  i c ’fls. 0:: - S~ -.,- e ’m ’m,~:ct t a l  1—..cit - ,t i s  that  the intl isl I unct t ’tm ,‘ i x 5 ‘, S ; c ’; l l  .1 be.

a s \ m (  I c - S  i ,,S5 15 in  S as S ‘ L i t  0 0)  .- i  as * ‘ — ~‘ m i t  c,’ 0~ • “ s - m i t  C m  0 1 , 5 0  I v

c l ) S t’ to a I t ai’e’ll mo -C 11 ,-s it . I!se it’sult is made ( ‘ t e c iS t ’  a!:,) 1’tc ’i’ t’d i t t  Ill.

i 055’ 14 C , . i s Sc, ’ ~ , - r  I ,‘,.l~cicCdiIO4 resul t iii th e’ ( 1  ,‘s,’Cm t  p4~ tc I , s’ mt c c t’ i t  cm (cm(c ’ t il ost s

S 00k’ ,‘flc ’ll 05 ..~~\ i c i l~~ ,‘t I Ic e’ iii it  tal  t un .s t ion , hut the re a t e ’  iv soil t , c ’t i t ’s}’c ’cl_ t i c5 I 0

r S c ’ceuuc ~ cc lC:t ~ c a s , ’  wh e re t h e r e  i c c ’,c~- t rax’ec1 1 ing front w i t  Cc ran~~ (c ~ ,1)

Mi’~ t I : e ’ ‘Ccvccs r etu ,- cc’ Cseoretti s are st ate d in ;4 , and then  ( i c ’i’C.t i i i  - I , ’ - AS -
.

at r ea~~’ r e ma i k e l . m i t  coo t cu ts more 1-recise cocc i-cc c J e O c t ’ t ,“m; ; i I s ,  ;LCc mIt’ Z h~~~ t’ i~~~ t as~ s uiq

I i,’ ims -

it sh o u l d  I t r i a l  1)’ be remarked that although it is a Cty 1’ c -t Cit ’s is  i n  t h e  Va i - io u cm c c ’il

V C t c j e’f lc e t se ’ o resscs  that  the i n i t i a l  func t ion  ~ is Cti.’lc o t o n i C  w i t h  .~~ ( — -‘- ) — 0 ~‘ m . ~ ’) 1 ,

it 13 ~‘c’5 S ib l ~ to extend the ideas and methods of the pape r to  i n i t i al  f i.Uictlotcc ; which

are not sm.’n~’t~ ’n i . - cc l t c ’t W I t i . ~iS t he  l im it i ng  val ues ~~ ( ‘ ‘- ~ 41e Oc ’t (0 , 1) .

S~IU5 if • is 1c ’clut o n i- hut ~ ( — ‘ a )  — -s 0 • then t h e  correspon ding i n i t i a l  t iuc c ’t it ’ll

in t he t t a sms  f o r med  vat -t ab  lee (~‘, u , t I is not 0ks t m e d  fo r  0 “ U .c , hut  it  i c  .‘ox c 
C

ventent t o  take it to be identicall y zero. This makes the problem more degenerate S u i t ’

the ooefti~’’cent of in the di fft~ ion equat ion now vanishes initially not me r ely  at 
S

U — 0,1 , hut throughout an interval of values of u . This difficulty is face ) even in

the p resent paper s ince in ~~ we have t o  construct f o r  compar ison pu rposes siibsc’lut ions

which vani sh  i n i t i a l l y  throughout an tn t e rva l  of value s of u , and the re is therefore  no

essential difficulty in mtiscussmnq initial functions ~ w i t h  ~ (— - ‘ - 3 ~ 0 • For simp li c ’it ’. ,

however, we have refrained f ront ic’irc c; SO .

To deal with initial functions ~ which are not monotonic, we have to allow p

regarded as a function of u • to be mul t i -va lu ed , and th is  has been invest iga ted  by

thueh 1 1 ) .  Pegain we w i l l  not pursue the matte r further in this papet- .
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- — CC C , t  1 0 , cOOS i I t t  C l i s t  1 C m , ’ I t !  1 vat i V~’ ~‘C 1 C m , - 1 i t  - - S  ‘ i s  , - t t c l  i s . - -S ,

S

wC. i, ’C’ , 1 5  t~~ ’co ~ S,’ t u~c 555,’! 1 ,i s :C t a t !  5; , is

— ~~~~~~~ 41
s— C. -

Wt’ .,:: s,c
~~

-t , ’’m,’ 5’~ 0 : i ’- C exists since ’ is  - t l v t - C c  5550 55 - - ’  ic , ~cs: ) c t ,  i s .  t.,~ -,s ,s

t h , s S  C — 0 . i t t  i S  i s ’  0 1 , mett ’i y s .sit ’t  l i d  ~~C 5 a l t  1~~’ 5 1  la t e  , , s : . t , t s : t  C ! s ’ S -~ as, -: ‘ 5 -

I C : , i I f r o m  sy~.me t y j m s - v  I e (
~~~l 41 

dv — C ’ .  ) 1! (-‘1 — C’ , i t  I s a ’ s 5 ’ - - ial t x ,  . i s ’

m l .  5)  I t o  m- - - ‘o t o  as * ‘ - ‘- , c; issce th ere  is. a s ign  i f  l c a s m t  cm ’s: 1 1 i t  5 : 5  i i .’:: I -
. S : , C-

! s I ’:-~ I c t l o ’ s m  i t - ’.- is scot 1 at-qe , an d then ( y l  ss sisal 1

4

1i’ mst i t t ’  c ’ S the sec’ond inteqral oan t ’’  d e a l t  with sutcilai-l’1- , C c i  cte ~ : .c ’ct I t - S -
p’I

i.’ l )  t o _ c t u sy , s C  is ;  tsc oisi.’t , - n i , - in y t ot  ,‘as ’C: cm , &rid so m i i ’ , s) asCII I ‘ m m ( ” , s. ’) 5 
‘1

-s s - ms , I C c  - ,- l.’t c’s t Cc.’ ~‘ro,’t I t h e ’ l t’ncisa .

In i s i s-  - - C .5. . we ar e  lu st  i f  it ’d  in t a k i n g  as indt ’5’,’ssde’Cst i’ar i . i t-  1, ’ :- mii ,t 1 i CS

act’ ot m x  . 1.1  The foma l  man ipu la t  ion s are’ easy. If 
~

- u , t hi ss it i s ;  c -u i  is:t ’ t

verify that S
I

~
U _ l / ~~~~~. , “u ox ’Six :~t -c 

~~~~~~~~~ 
C

S ix / ~a.c i .t ‘t / ,tu X ‘

the di f ferenti.c t ions on tCst- left of each equat ion lx’ in q  of t h ~ new i’ariai-l ,- ,m c, 1 5 5 :  i t ’ ’ - :

t o  the Ol d , and i’ic,’ versa on the right ot each equation. Hence

I ~~~ 
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~‘cl
- IX

—
~~ - ~“ ~~~ ~ p (

‘U

- ~~~~~~~~ ~~~~~~~~~~~~ U ÷ f ( u f l +
~~~~ . s t  ,t t  ~t ~c~i 2

and if we’ di I fc’rentiate ~l .1) with respect to x and subs t i tu t e  t Co~ ,il-ov,’ it ’ s ; mi  IC c ’ ,

have
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x ~ 
(~~(s)  ‘

1
ds — , ( u >  ,

1/I

say, has the range (— “ , “) as u traverses (0,1), and if we set up the problem

(2.11) u = u + f(u) (— “  x — , t > o)
t Xx

with

(2 .12) u (x , O)  = ~ (x )

where ~~1 is the funct ion inverse to ~ , then the solution of (2, 11- 12) leads by the

f i rst part of the theorem to a solution of the initial value problem (2. 7 — 9 ) .

There is a generalization of t.entma 2 .2  which we will require in the sequel.

Len~tca 2.3. Let I € C
1’[O,ll , with f ( O )  = f ( l )  0 , f(u) < 0  for u (>0) sufficiently

close to 0 , f (u) > 0  for u(<l) sufficiently close to 1. Let A ,B (A<B) be such

that

f(u) < 0  for u e [0,A ] ,  f(u) > 0  for u € [B , l ] .

Suppose that ~(u) is a given function, continuous and positive for A < U < C’ and such

that 1 ‘C
— (A+B)

(2.13) {4i ( u ) }  1du = f ~ {Ii ( u ) }  3’du —

A 
1

(A+B)

Then there exist functions a,b a C (0, ”) with

a nonincreasing, a(0) = A , a > 0 unless a 0

and

b nondecreasing, b (0 )  = B , b < 1 unless b 1

and a ,positive solution p ( u ,t )  to ( 2 . 7 )  over aCt ) < u < b ( t ) ,  t > 0  with

p ( a ( t ) , t )  = p (b ( t ) , t )  = 0

p (u ,0) = 4c(u) for A < u < B

Proo f. The proof is based on the seine principle as that of Leitina 2 . 2 .  we consider the

initial value problem of (1.1) with initial function u(x,O) • $(x ) ,  where

4c~~ (u) = C c t c ( s ) } ”1ds .

~‘(A+B)

In view of ( 2 . 1 3 ) , we have

u(—”,I’l) = A , u(+” ,O) = B

— 1 0—
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I - 0 , ‘i t ; \ ’ , ‘ , i c c  s O c - S c  - .i i~~ i i c i l i c l l \  - i i i , t l c  4, t , ’ . 4 - % I l ~J ,  -c s ,I ,.- , i a i - s t s ,
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WV iISVAti 14 t i s C ) c ) t  tecri ,‘( ( . 5 .) ”,) wIth the ,.)tVen 0 , pe ’ccil  iv.’ in t- , , 0-~ ei,,i i’ *cc t ’chctcc i mit

ci an ti C C  S

it we cc, ’ ,
~ Ci’ .’,, it tie t ’s’cm4’.,’, I t ton ~‘f ( c ~ , l1  s t i l t ’ n t i t % — t ’vq’ l C itpp I I i I J  1,4 a, ,,ut  a,Iii s i ts  4 1 - 1 -

m
t n t e t v a C  it (0 , 11 — c -  I , ~~~~ c-r d ft ’c.’cm l e ft  t o  t i g h t  is’’ t h a t  IC,. ’ c 4s ~h ct  eci ,i 
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o f C (~~ t he  l.’ft enil— 4’oCicI esf I C , *ti,l i f  
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4’ rtcn t “i” c ‘c , t hen such a cie~~’e ’m~’i’s it  Ion t• c*l led r n i n t m *)  if t
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i s  ‘c ’,,,l,’ , I t ’ i t ” d  ISO d 5 5
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2 ~~ (The orem .1 • Il t i f  ( 2 1 )  1! t I -se t. e xt  ~~~~~~~~~~~~~~~ l ion ,‘t Ii” , C l  m l , ’

a,,~st~~ tts)~ t n t  ecvat then the tsp e~~i.t s A un iq~ie ecini ma ) t~et ’Ocnkte
’nitt t~ tSC ,

The s i e~n i  (loan ,’. “I m i n i m a ) dec’e~~pi’c~ It I on (a. I ’m Th.oc-,m d ’ , W1CVIS ’ Wit ’ All ’  4’l l ’rVIi l  t’ .i C

w i t  Ii a miii (ma) tie c’iscspccs It (on C Is t hat mesnest on Ic N c l )u t  I otis , ‘f t lie , % c 1 1 c c ” , ,‘t, Vt,lScAt ‘,‘,s “ c I S s

(x , t C as incis~’enc1ent v&TI*btem N) ’) i t  in t o  a .t colt ” of I c a i . )  C ( U t .) (IIIIII it , ,‘ mi, ~s d,’ i I l d  t 5 5 5 , 1 0

Iii t,sfle cif the in le t ’va t s  of t- h’~e m i n I m a )  cl.t’t ’mspsslt (on an ,) w i t h  I t s  ,i ,’iI ~‘iot l i t ’  i t ’ ’c l ” C ’ . 1 4 ,



-~~ - - 

~ C st’cd and (at least when the c . a re  d i s tin c t )  s pr e a d i n g  away f rom - ic- C -  ‘ - t  C r ;  s r - i

corresponthnqly a pos i t ive  s olu t i on  of the d i f f u s i o n  equat ion w i t h  (u , t )  a:; in : Ic ’~ . C :  I,

va t  x . t l s l i ’ s ;  w i l l  tend to a steady so lut ion  that  icc p o s i t i v e  over each i n t e r v a l  ~n t O , -

mi nima l ile’conc position but zero at the ends of these  i n t e r v a ls . Precise s t at e min t s  - .c t

such re su l t s  w i l l  be found  in Theorems 4 . 3 , 4 . 5 .

r
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I , ,.‘~ ‘Cj  .11 i sc - C c  1 C i . - c c i  .‘m,.

C , ’msm.c d l ,  c - i  4’ , A , lit ‘. c t c s t y t ht ’~~~- c . i t i i i t ion s~~~st Lerrca .5 , t , .ind l i t

( L’ ( A ,BC fl i.’ ) A , [ I ( ,  w it t c

‘ ( A ’  • ~ (BC — o, * ‘~ o ‘! ~ 
(A.B)

( 1 , 1) ‘i ’ e C t  ‘ 4 ) ’ ~ 0 in  ( A , H I

Let A’ , B’ sa t i s f y  0 ‘A ’ ‘ A ,  B ‘B ’ 1 . *nd suj’j - ’se t h a ,~ • ( u )  i s . c

(un c t  t o ,  • cent inu ’’u , .  acid I-os i t i v e  tot A’ • U B ’ and su, - l c  t h a t

(A’ iB ’)

5 { - ~ ( u ) } 1
du — 5 ( I ( u ) } 1du — •

A ’ 
(A’ c’$ ’)

Sui’j~~ e also that 1 1 in (A ,R)

Theis t o lu t i en  i’ of the in i t i a 1 v 1ue, j~r o h l t ’m i ’t ’!i t’’dj’ cct c d i i c ~ t o  t)c,’ i i i t  i~d !

function •, whesc’ ex is t ence  is 1uarante.d b1 t eitmsa 2 .  1 , has t he  j’ i~~~’c ’ rty  t h a t

(3.2C p (u,t )  ‘ ‘( C u )  for  A • u B,  I 0

l’root . The initial value problem corresponds to an in iti ~ 1 value problem with ~~~. t

as independent variables ,

u - u  - f(u) 0
t xx

w i t h

u(x,C’) — • ( x ) ,  say .

Instead of solving t h i s  problem , let us consider a sequence of problems

( n )  ( i s)  ( n )  ( n C(3.3) u — u — 4’ Cu C — y ( x ) u
t xx n n x

wit:i

(3.4) u~~~ (x, O) — • ( x )

Here the functions f are a sequence converging uniformly to f in (0,11, with

4’ e C2(0,11 and 4’ (0) — 4’ ( 1) — 0 ,n n n

f Cu) f(u) for u in (0, ‘~“ (A4B) )
(3~~) 

n 2

I ( u )  • 1(u )  for u in (~~
- (A- sB ) , 1)

is 2

the functions 
~n 

are a sequence converging uniformly to  0 in (- , ) ,  with

I C2(—~~~’) .ind ‘v ’ “

-14-

_________________________________________________________ - — : :~~~~~~~~~~~~~ i_ ‘.- —~~~ -“ _ ‘ -  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - —-



ti
S t  ‘ c l i  c , c c s  c i , ’ I - C ’  c, I — d i I s _ i — - I , .  c , ’ . s i , c  I u, ci ~c c .  , - - , , ‘ C c c ’ i - ‘ c c  - s. c t

I ’  C’ - s  i C  . ‘ I4i c ) , ,  - - c ’s , , t , c c c m , - ’ u - i  it , c , ,  s , ’ , t ’ - c s  - 5 s  •- ‘.c.’ c C ) . I i ’ - c

c ’ . ’ ii ’ . - . o l  l i i i  
I n  

‘ , -  i t i i l  i ,C v , l c c , -  t - -l-l,cm ~~ s ’ P c  i i ,  I t i , , 1 , , - c l i s ’  i i ,  c O - I , -,. .

x c i ,  I i td ~I I C c  i t  c - - S ilt i t  i c ,  i.. I I C I ’ ’ . ‘ I l i i  it i ’

c i i ’ l c s ~ ,‘ c S ’ s C S I ’ , i l l
c t  ‘ C , . , ,  - 

~‘I _ c  Ii cc d l

P 
i c C  

• 
, — ~~~~

‘cc ~~ c c  c -  . c  ~) ,  c c c . . t I c c . l  c c C ,  - - c i t  I i c ’ i , s C t  I \  I c  ‘ c , , ’ c c
Ii

t i , c ;-i , - , , ~ l cc 
c i c, t ‘ i s  p o s it  c i ’ , - c ’ . c c i c ’ ! -  s i t  I C c I S  .1 - - c .  i - i  C s  ‘ i - c - ’  - ‘  ‘

ccc.  , c - - . ’ . -

.t - l i d ’ ’ :, I S . 1 - I  s c ,  - c - - . ( ; c ,  c ‘ - S I c c i i ,  I ‘ - ‘ S c ’ . ‘ I i  ( l i t  c ; t !  t i — c t
n

, d~~ t~~s , , 
‘ I ‘ — ~, ‘ . I

it I i  d c

-‘ t i Cs

-- ‘ ‘ 1~ — cA ’l it ‘ — it

- -. i ,‘ C c is - i ’ ’ - - c c , ’  c c -  ,- - - ! c ’  i ~~~~~ s c c c c ’ - , - ‘  ,, c. ci 1 , • c ’ c - is ‘ ‘ - ‘~s , ’ , ,  c, ,  mit,~ In Ii

- c~ - , ‘ c.. — (,‘cc—; i -  t - o t t i  .c c , - . - -  c i  cs ’ , - r  I - i , - ,‘c cs c ,l ,‘ c , c c - r ’ - u t ) c -  c c c l  C c  ( h i , ~ i d ,  c i  i t

[~ , i .- \ ’ l t ’  , I , c . ’ -., ,  ‘ 5 c, c t  c ’ S C : -  S i t  , , t  p ’ (  S c I  c . C c i , h c  4 0 . - c , - , ’ cc , ‘ -~- r . ,  it d is-

C’, ’ , 1. - ,, - C c I C ’  — C ‘ , ‘ , i c c  !O c ~~~~~- ’’, 1 ,. C c  - S ‘- I . ‘‘ C - i  - 1  , I , - ‘ - 11 t C c ,  C
Ii

c , -  5 c t  ‘ i t ,  ~s,i e t t  t i , ’  , ‘i’ , ’t  c\ Id ‘ , c.-C c - r  ,- .\ ‘ ‘C , Pd ‘ ) l , c c c i
n 5 i i  i s  it

‘C I • ‘ • C’. i’l,’ac l y  , . 1 ’., ’ - A • A .j cc , t It • (d ,j .; 
~ ‘ ‘ - .ssc.j ‘4 -

n 5 cc n n n cc

‘ c c  I c.-t c s,l ( \ ‘S  1 ‘,‘ 0C  C c c , ‘c,, ; C c , ’ c c t  c A  ,CC C

t i c I c S - cS A ic. c;ct , - C c t h a t  t i cc ’ c~ I c c  cc i n  1” - - ’ C . ,’)  , I .‘t t . , i t S , i  -‘ C’,

( C - , wc’ . , : c  - i ’ ’ ’ ’ - i t  t h a t  A A , w i t h  .m ‘~ c ;c s c 1.-cc i ,-sc c lt 1, -c l~ .cci, i id C - c  c , ,  , c c ,
it n

r ’ -c. ’ : S , - C l _ i ’ ’ cc -

I — f  C it )
51 1 - t it . I

C c c  - S C 
~~~~~~ — — - c ,x 1 ’  -,lc c it - :

I ii it - I cc
— C A c t i ’

5,’ (~~, . d I  S C , - ,x) C t’,,,;c, ’cc ~~~ 
• . c C I I  i v, ’  ,it , At h ’  i n C  , 1c~ , t  ,‘,i ’ - cc s ’ c  ccc

-
- I

______ - ~~~~~~~~~



1
1
, CA’b ) •ki

~
) , and so is st r  ton y negative as U B .  S i t u -,’ , w i t h  t h e  .sssum~ 1

on I ,  the exl,’un,fltial is bounded as U * 8n ’ at least i f  it i s  sut t i ~ ti - nt ly i t t  c . 
C

for B ‘ B - 6, we canno t have ‘P - ‘P -. 0 as u • 8 , and so II B.
fl n is it

I t  we continue to suppose temporarily that A and B satist)’ t h e c , , ’  e xt i a  .t ’ - ’ . - c ” c

t i ons . the n we can apply the classical max imum ~‘t i n c i p l e  argument  t o  a curtj ’.Ic i - -c -

between i’~~~~ and ‘( , S ince  • “ ‘P in (A ,B)  and P ‘ ‘P i n  (A , Lit 1. Wi ’ k , c, ’t ’  I
tha t i n i t i a l l y  p ‘ ‘P i n  (A ,B I .  Suppose fo r con t t ad i c ’ t i , ’n t h a t  C’ —

first at Cu ,t C . where necessarily A ‘. U ‘. B . Then, at (i t  • t  I ,
0 0  n 0 n 0 0

( n )  
0 , 

(n )  
— , ~,(n) — ~~

., ~, ( nl
t is U is -- fl

w h i l e , f r o m  the equations for  
( n )  

,

0 ‘ - {
( f l )  ) 2 { (fl ) 

+ (f /~~~( f l)
) ) + ~~~~~ ~ ~~ ~ ) C

t uti is U is fl Cl fl --

from (3, 7). This itive s the requ ir ed contradiction, and we have

( u , t )  ‘( (U) fi st  A u c B ,  t “ C’ .

A limtting process as is • ~ then give, the fina l result of the lenin.. For , as

is ~~~, for any fixed t and unifor1~ly in x ,

u~~~ (x,t) * u(x,t), u~~
3 (x, t) • u ( x , t )  ,

as can be seen by tu rn ing  the equations for u and u~~~ i nto integral fc.ruc .tnd

comparing them . Pick any U
0 

with A u 0 • B, so that p (u0,
t ) 0 0. Then, i ’i t s’ ( ) i t S c 5

dependence on t. defuse

x0 by u (x
0

) - U
0

(is) (is) in )
it
0 

by u (x0
) u

0

(is) In )  ( i s )
x by u ix )•u 0

.

The implicit function theorem implies that x~~~ x0 as is • ~~~, anci

P ( u 0) — p(u0) — u > (x~~~~) - u 5
(x 0

) • 0 as is •

it, - - . ., - _.__ a.______ ,,__
~~~~~~~~~~ ,_,__.,,__ _aA~_- - --- -
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C , 5 - .: ’ Wi’ - .c c c I C , . - cc cc ci - - i c c  ,‘ ,u ‘ ‘ , -  5 c c - c ,  , - I t i l l  I : , - ‘ ‘ 
- - I i , ‘ c , d - l . I  -

i i  i i  c -

.c t I  W I S  C: i t  - c i t  (‘XI I ,t , sI c SI I c - ,c I  I - ‘cc ,c - C c i ’  i- s I C c ’ - C ’ - ’ - c c  ‘ - C I c ’’. c c  C i  rh,’ 5~ ‘ i It, - C it.

c c ~~~’ c i t , - ,‘ C ,S~~- c , c i  c c i , ,  N ’ S ,  ( l c d  S C : ,  l , c t i ’ ,i c c .  ( c — c ,  - c c -  C c i ~ cc , - 5  c c , -  I c , - n S

w i l l ,  ‘ I Wi-cc ~~~ c c , ’t C’ , ’ ~cisstl C , i f  A • 0 - c  Pd — 1 ,  : 5  i i i  I ,  A c s  I

‘. , c t  i s , t ’ 5 i t t , , X I I . ,  , c s S i i t I d j t C o I n .  , , c - t  I C , -  S.’ ) S c t  c c . ’ c is c i , , , ,  - ‘ 55~~~1’ , -

- ‘C - - - - - - t i C ’  - , c L C c ,  ,c i  isi s c i  t he .c ’ri .m I s. I -i- -C’ C’y ms- t i c . - ,C- - s’s s inc i l.i c c C , ’ c , , t : ! , ’ S ,  ‘ S I C

1 . , , ,  w i t  Ii i t ’ , . I . , C , ’m , ’ d c t

1. , -iScic, i  S , .~ - t I  t , A , id , A ’  , I I ’ 
• I I -  - ,c c. in 1.t’tTdllc a I , I , c i t  tc , ’c.- ( ‘ ‘ C  t c c c ’ C ’  -c - t i’ , C

5 , 1 1 , ,  I c _ -n  . , c i I I c c ~ c, ’i_I s ~c t i ,h j’~’cc iI cc ’ ,- h i  c\ ‘ it It c c c l  s - c c .  C ( C c _ c l

(A.PdC 
— l

i c  c c c ~ 
} du — - ‘ c c’.~ ‘ icc  — ‘ -

A ( A t tI C

- - ‘ i  -‘ c., ( Cc ,i t ~ ~ c c ,  (A , 8)

i t  , q ar ,  t C  c , - :: - C c c !  i , s c c s ,- I  t i n -  I n t l  c c l  c’ c l c i , -  j i  c ’ t ’ l t ’ i S t  i ’ l l  i ’ ’c ~

C ~- c;j - i ’~ - t  ii’ , ’ lv I - - I Cc , - inc t c c l  tc cc c , I c , s c s c :  - wi c ci’ ,-

p ( u , t ’  “ c.4(u , t ’ ) ,~ I ,c~~t I  ~~ c c P c I ’ . I ‘ 1’

c,’Cc c ’ c  ,‘ ( C c , - t c i i c , - I c , ’ d l ’ , ,c , I- , t nt r t s , l c c ,  ,‘ci c c c  C ,-cce,a .‘ , l~ d e l  cc , , - I C c , ’ i nt , ’~ ~~~ 
, c ,C  0

is 
~

- ,‘,.iI ci’ ,- .

F i n a l l y  c c c  t ic  i s  c . , , I c, ’cc w,- ) c c ci’ t ’  ,c Icetma wh 1,-i c ~1c ‘— ,- ccsc:,’s ( C c , ’ l i S t c - a c ’  i t t ’ s  I - ‘ - - 5  •

, t  c u d ’ s , ’ lu t  ions .

t,i’tiSli _i i . I . I t ’ I  f , A , fit 1cc .-ts is , t’c,,ctc,i i . C , .ct c,I 1, - i  ‘ ‘- c l  c s . S  c S C , , . ,  ‘c c , l c l  1, —c,’ - - ‘S

l’c’(tc 5, ’tnjna C , 1  .ind I c.’nlm a l . 2 .  Th ,’n c t  , 5 ( l c , I C i 5 ~ t ic , s~ ’I c c t  c , ’c c - 5 ( C c , - i ;c c ( i,c l v , c C , c , -

l ’r o C s t s ’r n  _ -i~ r r e~ j~~,~ds.-t n,i t~~s t h , ’  t c c i ( i , c j tic S ~, i c o d S ‘4 , i t  c c -  I C , , ’ j c i ’I’t!t t \  c C c,, t il I’ - .

j s ’ i n t W i s t ’ in  U , a cconde,’ r t ’a s i i c ~ t u n , - t  c , ’ , c  ,-t t

I f  ‘C ( u , t )  ~,‘ ( i i )  , S ,c , .cs I “ , t C , , ’ I c  ,,‘ is  -c ~~o’ - c  ( i v , ’ solut ion - c  c . ’ 14 ’

over sonic i n te r v a l  ( A ’  , B ’ C , where ’

C ’ ’ A ’ s A , lit~~~~~tt ’ s l ,

and

c.’ (A ‘ — C’ , ~
‘ Cl ‘ S — C’
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it,

i i ~~ci ~~t -  Pd -. takinq 4 i l l  L a a  3 .1 ,  we ininediately obtain

c,C u , t l  t ( u )  for A U B, t 0

NOW cisc .1Iu,t ) and +(u) as comparable initial functions in L~ie-ca 3.2, for any

~ ii’t’n t’ ~ 0 , and we have

q(u ,t+t )>q(u ,t) for alt) < u b i t ) ,  t 0

from which the nondecreasing character of q is apparent. Then q(u ,t) must converge

to a limit as t • — , say ~- (u ), and it is a matter of establishing that Q has the

r equisit e  propert ies .

We are concerned wi th  Q only where i t  is positive , i. e. in (A ’ ,B ’ ) .  For any

small fi xe d  6 ‘ 0 we know tha t  q (u , t)  > 0 for A ’ + 6 ‘ u < B’ — 6 and t > T,

say , and in view of the nondecreasinq character of q we know further that q is

bounded from zero in this range. Since u
~~ 

is bounded (for the corresponding solution

with x , t as independent variables ) a rid u~~ — qq~ , it follows that (and

s imi l a r l y  
~~ 

and q~~~) are bounded and equicont inuou s for A’ + 6 < ci < 8’ - 6 as

t • •. (We make the temporary assumption that E e C
2
t0 ,l ) . )  Hence 

~~~~~
‘ 

~~~~~
‘ %~

converge uniformly as t ‘.., at least through some subsequence, to Q’ , 0, Q”

respectively. Taking the limit in the equation for q, we see that Q satisfies 
—

(2.14), as required.

If f is merely C1(0,l). then we can construct, by. procedure similar to that

in L..emca 3.1, a sequence of functions f I C2(0,lJ , with correspond ing init ial  fun c—

tions ‘P arid solutions q~~ of the initial value problem . Now, for any T1
, T2

exceeding T, where T is chosen as in the previous part of the proof, and for any

u ,  it
2 

in (A’  ÷ 6 , B’ - 6) , we have , at least if is is sufficiently large,

~
:

2 
[{~~~n) 

+ (f Jq
(is)
) 

~~2 
- {~~~fl) + (f /q~~~ C

• 
~~2 ~~~2 (fl)

/{q
(is) 

}
2du~~t - - 

~~~ { q (fl ) (u . T2
) 

- 

q~~~ (u ,D 1
) }du .

-- ~~~~~~~~~~~~~~~~~~~ 
-
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4. Statement of results

We first prove a convergence result with (u,t )  as indepe n dent variables . The

easiest such result is where there is no question about the existence of a travelling S

f ront , i.e. where we assume that f satisfies one or other of the sets of conditions

in Lemma 2.5. We shall in fact assume the conditions (b); the conditions (a) are equi- - 
-

val eri t under the transformation u . 1—u , f .. -f ; the conditions Ic) are only a partic-

ular case of either (a) or (b) except that they allow the possibility f ( u ) d u  = 0.
0 5

As a pre l iminary step, we prove a theorem which covers cond.itions Ic) and also a par t icu la r

case of conditions (b)

Theorem 4.1. Let f e c1 (O,l) with f(0) • f(l) = 0 . For some cc C (0 , 1 ),  suppose that

f C 0 in (0,n), and that in (ci,1) either f > 0 or f 0 Let P be the uni que

positive Solution of (2.14j and (2 .16) in (0 ,1 ) ,  and let p be the,,,positive solution of

the init ial  value problem (2 .7-9) . Then

p (u ,t )  • P(u) as t e ,

uniformly for ci t (0 ,1] . ‘

The proof of Theorem 4.1 is a matter of constructing suitable sub- and supe r— solutions

for which we have prepared the ground in the comparison theorems of §3 . What we wish

to do is, given the initial value problem (2.7-9) and ~~y interval (A ,B) with 0 e A < cc ,

Cl < B < 1 , to f ind a function ‘P satisfying the conditions on ‘P in Lenmca 3 . 3  and in

addition lying below the initial function 4 for the initial value problem . For if such

a II can be found, then the corresponding solution a~, of the diffusion equation with

as initial function increases with tim e to a solution Q of (2.14), positive at least

over (A ,B), and by Lemma 3 .2  the solution p always lies above q , and so in the

limit lies above (or coincident with) Q . (~ solution Q of ( 2 . 1 4 ),  positive over (A , B)

and with Q( AC ‘ Q(B) — 0 , is necessarily unique , as can be shown by a repetition of the

argument which pray-s Lemma 2 . 4 . )  If  the choice of A , B is arbitrary , subject Only to

0 C A < a, ci c B 1 , then p(u,t) (in the limit as t -it .) lies above (or coincident

with) the solution P(u) of (2.14) and (2.16) which is positive for u (0,1).

Our final task is to fin d a function V satisfying the conditions of Lemma 3.3.,

but with A — 0 , B • 1 and the inequality (3.1) reversed. If further V lies

-20-
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There remains the case of Theorem 4 . 3  whe re the minimal decomposition of c , f l  Is

into mote than .,rce subinterval . To be sp eci f ic  let us suppose that the m,inimal de composi- 
C

tion is i n t u  two subinterva ls . (0 , c( , I c ,1) , and let the  corresponding t r ave l l i ng  f ronts

be U
1

(x— c
1

t ) ,  C , ( x — c2 t )  w i t h  ran ges (0 ,~i), (,c,l) respectively and c
1 c~ - Then we

have the fo l l owing  r esu l t .

Theorem 4 . 5 .  Let f s a t i s fy  the condi tion s of Theorem 4 . 3  wi th  a minimal decomp osition

of (0,11 into (0,4 and (-i ,lJ arid let the corresponding travelling fronts be

U1 (x—c
1t) and U2 (x—c

2
t) whe re C

1 
c,. Than there exist  f u n c t i o n s  C11o , =)

— i , .C , such that  Y It )  -. 0 as t -. and
1 — —

u (x ,t )  — 
~‘1

(x—c
1
t — ~1

( t ) )  — U ,, ( x— c 2 t — ~,(t)) + .c ‘ 0

as t ‘ , un iforml~
,,,,

~~~ x . Icc the par t icular  c ase c1 — we 05cc f u r th e r  assert  t Ccci t

— -t 1 (t - ) — as t • ‘- ,

Un~~r more restrictive assumptions on the i n i t i a l  f’u’, ,’t ion , we can im prove Theorems

4.1—4 .5 by giving estimates of the rates c-f decay to the l c.mit . We leave a precise state-

mant of t h i s  to §11.

[14
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C . ‘ c:.  C , — - s - 5 is  S c .  - ,‘ c ’,’ ’ -  C, c c, 15 c .i 1 C ‘0: ‘ - - c c c c  C .  J ) . — c ’.’c- cc  ~~ c ..’ A u t C

0 ‘ i ,~~~~~’ ’ ’ : C ’ L.- - icoos~ r. a C - c. C c . : ,  -~ ‘ , , C - :‘ c ’.’’ c c . C!~ , ,) arc cI ,c u s  -

• .A )  , c c l  sco -C, ’ - , c  C C , , - ~ ‘ - - X ~~~~t . j ( c-c; 1’ ’ ,’ c - , ’ - C ’ ’ ’ lç wc t 5 ,

. 5 .  5 c C  C ’  - c c ,  A , c )

cT c C ’, C  ~~~l C . 5 0  ‘ 10C c — , ~~~‘ W = C -c 1C’c d ‘ C c o occ,e g SO 5 : 0 c C ‘ ‘k , -4 ( A )  =

.5 ‘‘h.- ‘, r ’ , .  w 5 a , ’ cuo ’_ So- acc ost’-., Scat ’ - ~ roC~~ia t c -  f c c c  ‘4’ ‘C.cs c’a’.oc -c- we ccv c,cc t  C a ’.’,

- 
-• ‘ ‘‘ 

- 
- 

U

C .‘ c- ~~
- 5 - 5  ~~~~- “ w C’ -; .‘~ , ..c. -re 05 .1 small :oc :u5ive o’c staut - Since C’ (A ,5]

‘ - c t i c _ -i Ii . um ~~C c t -  ‘

L 

c f ,  CC S • ( f ~~ . w ) ’  > 0 lu (A , c)

~~~~ c c . j 5  a l c c a ( ‘ c c a - u r c - .- - s c a t  c ’ 5 . c rc-uuc re~ has therofccn-

- c  C - ccr. I - c ’ i s  : asi ’ o ’.’e IC’. A , z), for act’.’ give: .  A w i t h  0 A - - ~~. We note a lso

0 ( w I  - I f  is a nor e - T r c a r 1 n ~ f-cct~~t octn wu t :. a st r i o t i ’ . ’  nega t ive  l i m i t  as -
~ ‘ cc ,

C l - -~~~
- t u . S  is - c f f : o ie ~ .t l - , - s~ aIi , :e~ al1 that ~Li) < 0 .)

cc :act so f c c ; ” .  f~ccd -i ~ocschiC over act. ootc~~/al (A ,’c ) , for some cc cc

T C ; s Is arc cc” -’ i :a t~ ;‘oosc’crueo-cs c- of the following lemma .

:~ css c’1a_ t I ,  ..ct f cca t osf-~ t he  condi t ions  of Theorem 4.1. I f  a posi t ive Continuous

C cct ; t coo  ~~~~~ C c c ~~~ oeen fo u nd sa t o s f y i ng  (3.1 )  over (A , )  w i t h  4 (A) = ~ ( cc )  = 0 , and if

* *i c ~’cC ~~‘‘ ~ (f/’)~ < 0 , then for cc sufficiently close to cc (cc > cc)  a pos i t i ve  con—

* * * * *t i c t ’ j o u s  fu nc ti o n  can be foun d s a t i s fy ing  (3.1) over (A ,cc ) with (A) = 4 ( c c  ) 0.
* * * *•crths-r , we cart arrange that ‘ is as small as we please in (A, cc ) ,  an d also - / 4  as

a~~ c.-u :lease at - c

Thu c rocof of this lemma will be left to the end of the section , but the construction

of a su o t ab l e  over (A , B) , for any A with  0 < A < cc and any  B wi th  - c B < 1

i c  now . c lo ’cc’c - t immediate .
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If  we take f i rst the case where f ~ 0 in (a ,1), then we can carry out the ‘ :ecosc r  -

*5 **  * *tion of a positive funct ion ‘P satisfying (3.1) over (a ,B ) ,  where .1 “ cc , acid

** 5*
with ‘P (a **) — ‘P (B) — 0 . This comes from the arg tmtent that we have already carr ied

a
out for  (A , a ) and the transform ation u .. 1—u , f .. — f ,  I f  the f i rs t  value of u for

* 5*
wh ich the function s ‘P (u) and ‘P (u) meet is 3 , say, then the continuous func t ion

‘P def ined by
*( ‘P in (A,a),

C —  i **
1.., ~ in (B , B)

meets all the cor,ditions required. There is the technicality that ! may not be twice

contin uously d i f fe rentiable at 3 , having a jump increase in !‘ there , but this doe s not

invalidate the conclusions (or in any significant way the proof) of Lemma 3 . 3  and is mere ly
1

a reflection of the well—kn own fact , noted in the int roduction to (2 1,  that  if we have cwc

classical subsolutions , then their  supremuin is also a subsolution.

* * *, *If now f 1 0 in (a , l ) ,  choose a ,‘P from Lenun a 5.1 , and note that  ‘P + ( f/ ’P I < 0

at a implies in particu lar that ~y *l (a) < 0 . Our choice of ‘P has to be made

differently f rom before , an d we ask now that it shall satisfy the requirements that , fo r

** * *,  5* ,  **any given B with a < B < 1 , ‘P (ci) = ‘P (cx ) ,  ‘I’ (ci) C ‘P (ci) < 0 , ‘P (B) 0
*5’

‘P is negative increasing in (a ,B ) .  There is no difficulty in satisf y ing these require-
**ments , and such a ‘P satisfies (3.1) in (a ,B) since f 0 there , and can clearly be

**chosen so that ‘P < ~c in (cz,B), Then
*

(‘ ‘P in (A ,a ) ,

** in (a ,B)

gives the required ‘V.

It remains to discuss aupersolutions , and this is in essence easier than the discus-

sion of subsolution s because it is largely independent of f . Let q be the solution

of the initial value problem consisting of the equation ( 2 . 7 ) ,  the boundary conditions

q(O,t) = ‘y
1

( t ) ,  ~ (l,t) = 12
(t)

where ‘4’1
(t), y

2
(t) are positive decreasing functions of t , and the initial condition

(5.4) q(u,0) = ‘P(u) = K {l— (u — ~. )
2} CO < U  < 1) .

where K is a large positive constant. There is no difficulty in giving existence and

—24—
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I n  C ccc , , S - , ,  ‘o ct s ‘4 , ’’ ICc, ’ ct, 5 , 4  c - ~s - ‘4’

C ” ‘~~~ I c v ’ — c ’ ‘cc —

1,0 w C , , c h

‘4’ I 5 -- ‘5 — ‘I 0

c,Cc , - t, ’ - c I S  a C’’”’ 5 c v , - - - ‘s c- - S aid , C,, ”crls cc , ’ I ca t  
~ ~~~~~~~~~ :c,, .aI I ,~~-: ‘~ i ’ :c, ’,’,5 I S  C , ’ C~~ 115

C c’ ‘, t C  . c I c t  .a~’j’l c - a t  c ’cc I C c , - , c t , ’, l I c - c  S c a t  v 5. , 5 C c , ’ ,j cc’ ecc 4 0 t 5  c a l  f c c c s , - t  c . ’c , I c c  1 ’ ’’

, I l , t , , a I c’ - a l c c , ’ ‘ s . ’ ( ’ 5 , ’c,~. I f  ~I ~“- ,a”-c cc,s, ”- C ICc,i 5 , l C t , ’.a,iv ‘4 ‘ ‘
~~~~~~~~~~~~~~ “~~~~~ 4 ’ c, ’~~ 5 c c - I

of  C ” . ” 5  -~~5 . ’5” !c,I C sc, ’ ,‘~ n ‘ “ t t . a c n C ’ ~ , ‘C,, ’, ”cc ’ ,~ s. ’ S S c , a I cc -I , ’ ccci C , ,‘

s, c - C ,’ C c a l  C ” , ‘,~ ~ns~’4 sc’ s I 5\,-st ‘ ,‘ tcs c c  .‘ - c ’ , , a c c , S  .c, ’ cc c ’ 0 55

we let y C’c-’ I Cc ,’ ’’,’ I ccl ‘ ‘cc

cc ’ ~f 
~

- C — - ‘-  ~n (- c - ‘ - ‘5n cc
5 , ’, c,!,,, Cc

‘4, C 5 ‘ — ‘4 I - c - c c l

5 , ” , ,  ‘4’ t i -c ~‘u 4 t c t , , ’ c  ‘ci’ .1 cc ,sS IcI ,, - t ~~,l-c ,c c ,c fcscc, t ,,‘n ‘‘C ‘, .1” -- c c c ,  1 , 5- i ’ - , c,~~I C c

C’ , ‘4 i-c , — C . ’ i , c c ,a’c \ ‘ a c t  c C  ‘l ’  i 5’ ‘4 — -- c ’ ‘ccs cc , usC s ‘ - l C c , ’cc
C’

Cc ,5 
~c,’

4 I - ,  sc - ,  - - ‘ , ,ass,i ’c - ‘ v , Ccc ~ \‘i5 (t O- ’c , ’ ’ - .15 ‘5 ‘,‘Ci ’,r cc — c . s i - s C  C c c  - cc

_ _  _ _ _  

-
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can vanish only at cc , si nce ,f ~ i t  van ish.s f i rst  at u cc , then , as U ‘ uI S 
(5

we have y ’(u )

It follows th.refot-e that there exist s som e fi r s t  I such th .t  ‘4’ ( . c )  — I ’ , and we
can choo.ø n(<r~0

) sufficiently cloee to ‘i~ that ~‘ (c1) “4‘ ‘ i5 is as small  as we
But u > ct impl ies (sinc, now f(u) ‘ 0) that y ’ (u ) s y ’(’sI , and 50 ‘4’ mUst  “~~ni *C, I~,i
some a ( ‘cc ’ close to a. Th,n ‘I given by

* in (A , cc - ,S)
‘4 — K  

*y in (a— ,’4,a 4

sat j s f i e~ th e conc1t~~1ona of th~ lemma ,

_ _ _ _c ~~~~~~~~~~ L~~~ . ‘ “ “-a s — -
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5

c t c 4 c , ’-

- C ’  - is ,
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~ ‘‘ -cs, I”- !, , ,~~cc I
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- ,t t  c~ .t  0 ’ S -  cs,’,, 4 4- ‘‘cc’ ’ - ‘s 5 Cc , ’ c ’ S C c , - c  - ‘5 (h o - - , ’  C - :  ‘ I ‘ “ ‘ c c c l  c t  cc ,, , ’ : c , IA’mm,-, .‘.S. it 4- - t ic, ’ - c c ,

‘1 S’ c i - , - c , ’ C ( i ~( c 5 - i S V ,  I’ an (‘x5J55 15’ ‘4 I C c  i s  - , o c t  ti ’ do -cc ’  we cc 5 ’} c ’ c c c’ t S c a t  - - s t  i i  I~~
- -

I h.’ ,,,, cc I c  t c -cc- - (I’ C i ’t  I-,’rnm.i .‘ . ‘‘ . 1~ , c c s .  I ‘ c c I I t  (0 ,-c C , 5 ci c i ,  C ‘ , I C ,

j I 
~ ~ ,,S  cls, ‘- c~ .

C~5

N ’s ‘ccc C i ’ ’ ’’ t h a t  , in , , l 5  , C Sc on ‘:,‘fls,’ , C ’s.’ ,’ ,! S i l t  t i  vu; C I~ , scSi c I , ’ I 5 ‘-ci

,u,,’SCc ,’ r , - Is s sc ,’ cI cntt ’tv.al I , , whei-s” I~ I i,’’c t o  S C , , ,  l e t S  ‘1 I , ,ai,iI Is’S Sc a i t ’ ’’ I Ic’n ot Sc

- - c a c - , c5~ c (- 5 cc ” :~’ ,also we l, ’~~cc c t -
~’ 4 , , S , ‘S ’ : , sm, ’  ‘ 1)

11 the , ,‘ ‘~cc c red cinot i c ’ S I  5 ex I s t s , t hen

‘4 ’ ‘ (C c )

c cc ri(’ ccc It ’’c ~ ’ ,c’uinq . c)~
— cc — (1 - I < -l — ( k / u )

Ils ct i t  - ‘ . — 4 ,  1 Cc t’ cc,cqt,csu t I~ , we cc ’s c i  ‘I not  have ci .. , tI,rou~ tc,’u t I
! , ,n,i

c -  ‘cc, ,- ~~~~ S in I~ we mulct have

g — (k’ s ) -4 ,

‘I ( k c C  — 4 .

SI c c c , ’,’ ,i i s  ,cc ’, idc ’c r t - u c ’ i  csi ’~ , C h i c ;  inequal i t  
~
‘ must aS cc , ’ hca l ,i ‘cc , S , , w!se~ 0

— ~ (h i. ) — 4 ’ .

Aqa in , I C ‘ - 4 :  1 h i ,  ‘,c,~1, c ’cc 1 , we ccaU l~j sc ‘S have 0 s ‘4 t t 5, rociqlsosc I I . ~~~~~~~~

(Sc (— 4 , ‘4 , , , ‘

whc n c is not I c ,- , ‘;‘ccs ,a c i Iv  S t ,~~t ’

—‘ “  “c t’

~~~~~~~~~~~  .sc~,c,1 ”~~~ - ~~~~~~~~~~~~~~~~~~~ ~ “— - - - ‘ -  ~~~~ -s .’ ”



7 . Proof of Theorem 4.2

~k’ will assume c ’c i t c , l t t  ion s (bI of Lersma 2 . ’.

By t he  work in the earlie r part of Theorem 4.1 , includinq I,emma “5 , 5 ,  cc’ Ic c - c ,  S C , ; ?

na zi c ’i’cc ot runt  a I 15cc -I I ’ d  , ~‘i ’,ci t  ive i n (A , - ‘ C  , l yc csq Isi’1,~~ the ‘(iv;’sc tic ct cal C c c - -  S

~~, c.;t c o f y in q

c, ” + ( f / s C ’  “ 0 in (A ,- s 4 ,

and w i t h  ~ (A) — ~ ( ~~) — (1 , where A I s any n ijebe r w I t h  0 ‘ A ‘ , , a,cd i I ’ , ‘u , c ’c , ’

ntmther w i t h  cc ‘. The solution of (2. 7 - 1 ) corresponding t o  the m d  j u l  5 -c c ’- I ion

then Icas the propert y that it increases with time t , ’  t he  uxc i qca e ‘ c c c l ?  1~~’ , ’  ‘.c ‘1 c i t  d s ’ I c - , c c l

+ ( f / ç c c ) ’  — 0

cv,’i (c ’ , ti ) , w i t h  cc (0 )  — Q ,  ( IS)  — 0 , fo r seine i~ - , . Cc c n , ’e ‘4 , Wi’ 515 c C 1 ( 5 cc’ , -

(7 .1) l i m  in f  } ( u , t )

Now , C, ’! any 5 i n  4-s  , 1J , there ex i s t s  the  corresp onding f s.s-cet ion 
~~~ 

, w i  I C c

“
~ 

+ ( f / c ) — — c -’

~~ ,

say , and cc (c’) — çs , ( t ’ 5 ) — 0 . Fu r t h e r , c
B 

‘ 0 since

t (u ),iu 0 ,

0
and c

8 is a s t i l c t l y  decreasing ft mct ion of B arid QB
(u)  p oin twise  in U a s t r i c t l y

incre as in g ftm ct ion of B (except at u — 0 ) .  (These r esults are contained in I.enin a .‘ . $  of

(2 4 . )  Let B be the large st value of B for which (7 . 1 )  is valid.  Thu s

l i’s m t  p(u ,t )  
~ Q ~ (u)

t B
but

lim t h f  4 ’ ( u ,t )  ?

for any B~~~~IS

*If B = I , so that li’s m t  p “ P , then we are done. For we can const ruct a “C “ I ’

solution exactly as in Theorem 4 . 1  (we pointed out then that the con st r uct ion ~~ a sic~ts’i

solution was essent ta l ly  inde pen dent of C 4 and so show that 1mm sup p P , from c,’Ccii ’C~

the f i nal resu lt follows .

I f  B I (which we f i na l l y prove to be absurd), then we (‘an show I c l c ~5 t ha t
*(7 . .’ )  li’s p lc ’  , t )  • 0

-28-
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~
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- c  I c c ’ S  C c  t i c  ( ‘ “ . l t  ii’,., W i S h  

IS

y (ccl ~
- 

* 
( c c) c - , - i - lccs c i  5 -  ~c c’’~ -‘,

s i T S ’ :, ’ 5 , ‘4’ c , c c c c - , c , ’ - - . t I  -
~

-
~~ 

,~~‘ , -c ,%v , c c C c , -  c, ‘5’ i 
Cc c l 3$ ,‘ S ‘ cc , ’  S - - ,‘ , i S c . S  V - 

1

5 - , S ’ c, - S c  c t c cct ’_
~d c.ti ct ct ’- t s - c c c ,c .1 - c ’I c - . t ’ , ; c d , - c c , , ’ c i  I ’ ,, ’
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~‘ c cc , t C ‘ ~~~~ C i ’i II t i c  C , ’ — ,’ ‘ cc ’ 5

w h c  i t’ l i c e  , ; 1I S ‘cccl I S c t , ’c c t  l’5’ l c c i i i t ’

~~ 
C C c , t 1 ‘ ‘4’ (Cd1 I c ’d  ii I l l  

~
‘4’ l ’

$ U d c ’t ’ I i ,  S ccc ; 5, -cI t ,‘ t  ccc 
~~

,‘ ‘4’ c ’ ,sc , ,I I i cis c i i  1 
~

- —. c,’ . Is c cS p V ii , t c c  c S cci ’; - c Sc’~ C i t ’,;

S C c c i  ‘ u c d t ’ c c t ’ , 1cc t ’ i c l  1’,- p c c c ic, ’cc’,’ i I , ‘‘c ’ - S Cc ii , t Sc, ’ ,;, ’ hct  di ’il c i  5.’ . - - ‘ c, c i S c c -c- - c c c l  t , c C  I cU, , ’—

c ,, , , i. C c c , C c  I , ;  4 c I i ’ d 5 , ~~’c ’j , ’ , c d ’ d c ~ ,i Cdd c c , ’I c~ ’cc ,‘t S tnt ,’, t l,’c, c , ’ ’ ’ c ! . I i S c i ’4

I im ccc t p ccc ,t C ccx, (cc l

WIs c , -l, ‘ , ‘ c , t  c~ail c , ’t ‘c t h e  c i t ’S  c c ,  c t  c c ’s, ci  IS

~~~~~ c ,’~ cc : I ccc,-

5 5  ( ‘c 11, -ic ,‘ , c , c v I , ’ t’ c , S  , ; C ’ (  c ‘cC c t C c ,;S ~~ i t

1 , 4 )  1 c m  
~
‘ Cu , 5 C — ,‘ 

~ ~cc l  t i~~, ccc c cc  C c ’ , :~ 4
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~ (0,t) — ‘1’1
(t) , — y

2
tt)

whe re y
1

( t ) ,  y
2
(t) are positive decreasing functions of t , and the same initial condi-

tion as in ( 5 .4 ) , al th ou gh now over (0,8 ). As in the discussion in the proof of Theorem

4.1, q is a nonincreasing function of time, converging as t * — to Q~~ if

y 2
(t) • O  . I f furthe r we arran ge that ‘q2

(t ) * 0 more slowly than p ( 6  ,t ) , then we

will always have p < , and so finally ( 7 . 4 ) ,  as required.

From ( 7 . 4 ) ,  it is imme diate that , as t •

*
Pu 

+ (f/p) • — c * 
< 0 in (0 ,8

B
*

Having established ( 7 . 4 ) ,  we can now obtain the requisite contradiditon 1 B < 1
*

and the argument differs depending upon whether or not f 5 0 in (8 ,l) .

* *
Take first the case that f 0 in (8 , l) ,  and let y be any number with 8 < ‘

~
‘ < 1.

Consider as an initial function • , positive over (A ,y)  for some A with 0 < A < a

and such that • (A) = 0 and
‘C

( 7 .6)  
- 

•(u) — Q (u)

for u(<y) sufficiently close to y . We shall also insist that ‘5c < 4t.

Now the condition (7.6 )  implies that the correspon ding initial function 4 (x ) (with

x ,t as indepen dent variables ) is identical for x sufficiently large with some translation

of the travelling front that has ran ge ( 0 ,y ) . Since $ ( —
~~) — A > 0 , we cart in fact

arrange that 4 lies entirely above some translate of the travellin g front , and since this

is so initially, the correspondin g solution u~~(x~t) lies above this translate for all

time.

But also , by the arg uments used on p itself , $ • certa inly implies that

li’s p (u ,t )  • Q 8 (u) for u in (0 ,8 )
t -~ — ‘C

for some 8 < , where p is the ealution of (2. 7—9) correspond ing to the initial func-

t ion •,~. Also , as in ( 7 . 5 ) ,

ap 
~~~X +_ + . .c in (0 ,8) C

au p B

as t ~ ., and thi8 means that , with x ,t as independent variables , the corresponding

solution u~(x.t) has the prope rty that it moves with an asymptotic speed c 8 . (‘bra

precisely, as is discussed in more detail in the proof of Theorem 4.4, if x(t) is defined

by

— 
d .c 
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t~ -c c i ’ , C c ’ it  5 ‘ c c c  5 ’ , s I , S h, -ic ,bt i l l  ~‘ - . Nut  ,- ,- i ’ , O c f  c.cc ’ c , -  c c c ,  t 5 ~, -
51 ‘ IS

- -c c ! i t - i c. I c , s c j  5 i S c c - . c c c , -  ,,, t’,’ t , ’ c t ’ I ccc , c C c , , , - ,- - - I c  ,‘- , ,,i ’ , -cc ’ ,‘ cc t I ,i cc ’ , - i i  t i d , ~ S i c ’ i c t  ,c, , ’cc ’ ,l c,l c, c S  I

- i  s ’ , c,Cc i i , ’ .ct  I C ’ ,, - - - ,,cc , , cite ’ ,n, ’ cc- c c c , c  i C e ’l ~ ~ ‘ t i C ,  ‘ i ’  ,,- ,‘,l I C c , , S  c d l  crn .i ? i ’S \ , ‘ ,~~‘ c , ’ ’ 1 ’ -

‘C, ; ,  , , ‘cc, 4 ’ C , ’ C , , .  I C , , - 5 ‘ -, c ; c ,  c c d i ’Ic wlc,’,c t 4’ in  C c- 
* 

, 1 . i t I I 1 ,~~~ c ’c i ’. - c i ,  c ICc ,-

C -u s , S c , ’i , , , l

I — , I I - ccc
— 1~ 

p — t 5, - C ci’. ’ d c c

i t ’ t. 1’ , ,c - - ‘c s , c h  I ~- ‘‘ ‘ c 7  ccc’ ,’ . ‘ - c c - S  n i t  ,is c ,f  cc ;  t i c , ’ ,, , - I c ci ;, ‘c s , ’i , ‘ c c c  d c l  c.iI cc ’a I , i t ’  i i  C , -,,, , Tis’ic

I I
‘5 - , — 

.
; 4’~ 

$ 
,
- I sc ,  5 c l c c  li t

C ’ ~~~

• ( 
~

( ‘  + T ~
‘ ‘ + 5 5 ’ :  4 , 1 c c  )du

C id 5’ U -
- C i — i

t ‘. ,‘ ‘cc i — ,  ‘ I— ’  5 2— 5~~~’~ + C , ~
- + 

- 
t (,i C d s C 1  

* 
— ‘

~~ 
~~~~~ + 

, I ;iccc

In cc ’s ,-w c i tic , ’ known iS d in ,:  cc’ C , we’ cc’c ~t sin lv I c . av ,. ‘5’ ‘ c~ . I t  ‘ is ,crn.cl I , t C c , - , c S c, ’

d , c S , ’ ,cc.i S, ’,i c; ’i~~~,iS C - t  c c c

‘ 1fl’cc
an,1 cc cSc , - ,’ pp cc: l,~~cd cdii t~c1 tt ’s’ c c c i ’~ u I ~icd 

~
‘ (1—c , C c c c  un f c .s’rm l ’4’ sisal 1 C ~‘c ,al I t t I

u xx

t is smal l  , t I c i , ;  in I ~~ t 551 , ’  ;l te’ ilil icc  c c  rt ,~ d i d  l ’4’ sma l l  for smal l  , .

rot ’ h , i t clt ’ t , and any fixed , the cont z-ihut ion from tIc,’ cc cl cm -at  ~‘~i S c-n .tt d5 — ,
d c-i ic,’ - i cc t  i v e  and n o t  sm a l l , c cc vie ’w of (7 .cC ~nd the fact that

dccc

l(, ’icc, ’ ‘5 ’ ’  t ‘ is t’cc’,ccc ,i,’,l ,ci’ cc ’v,’ b y a nega t ive  constant Ic’, a l l  t scc ( I i , - c, ’~c Cl, - Ca i c j , ’ , , i cc , i

S l i t  cc , “lct c , t , C c  - ‘ I c c  V -‘. ‘hi ts f i n a l  cont r adict ion est ~t ’l i~ he’~ t h a t 5 — I anmi conc~’I, ’tc’ c;

S C,, ’ ~- c cot of C Cc , ’ C C it ’,’i ,‘ci .

-Si -

- u ’ ~~-c7~~~’~ - - - - — - - A ~~~~~~~
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.in i , _ , C ,- ’ ‘ ‘vs i ,- ‘ ,A ) , ,‘cc , L C  c t  S c , S t i c S ~~ , .. c S ’  ,. ,c’:, - - c , - -C ,- - c 1
, c , c c . 1, — ‘  , .iv,  ‘

‘t,i ” t c~~’ ( - . i i t i~ I - ‘ C c , ’ ‘ — -5  
~~~~~~~~~~~~~~~~~~~ C *t , , i  

I

F i t  c t  , 5 - ’,- -- - , c I’ c ~~~~ 5 ’ , c~ l , -  c~ -n l  [0 , —‘c ~‘cc . ‘ S ‘~~ ‘ - ~~, ,.t’t’ t i  • - , c c , , ’ - - - .~~,
-
‘ ,I a - -

tSlc ( ‘ To o !  cC ‘.‘ , -  c - - c ’ , ~~ ..‘ 1 ,11 ‘:1,,, ,- 5 ’ ,- : ‘ : S , c t  S ‘us, S c , .c cs 5’ i ’c c . ’ ive ’  , ‘c- t ’ c  ~‘,A S  c c c

indeed ,1,-, ’~, ‘ , ‘ v t - c c  \‘,tfl 1 ‘ c C ,j S A , - s’, . ‘ - icc ’ , -

l c ccc L O S  ~- ( u . s ‘ _ ,  7
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li’s c d S i 5 ’  5’ C ct ,t F’(u)
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~~~
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Cc rst nee d t o  ,‘ ccl iS ’ I c ,cC , t C c, .c t
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(A) — C’ c - 1 cs ’ I c - c s - c l  ‘, c c c l  ‘ 1
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~~~~~ ‘ 1 ’ ’P,’ 1

i S  St ticc ’tly t i c .  tt- ,t c , cc. ,5 t c cc s c c, zero in ~A— ’- ,A) , ,icc,f in view ,,,t  t i c ,- ,ctcn, ~-C I , 5 C c , - ,- x 5 - c c c c t ’ : c —
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• 

~ l 
‘ C

in  (u
1 , A— ’ )

, • cc
~ 

‘V c c : A— - , A .’ ) ,
— 

~ l ‘ C “
ccc ( A + ’ - , u )

cc’- - -

c.at c s f  d c c - ’  (3.1) ~w il l: (‘d ’ccs ib le  cuccS 5’ i c d ~ ’ re a ,c, ’ ’. , ccc ‘ ‘ )  ~~~~~~ l i e ’s  5- ,- C c ’s- t,’c Sd f l t ’ , t i  C - c —

I r~ t c 1 y lar ge t . , By c ’c i t ue ,‘t (8 . 3) , we can ce’i s c u d ’ , - t ak ,  ‘c cc c i I t t ,  i, - c it l ’5’ ,cma 1) I c 5  L

— * i t , ’ ,; below in ( - ‘5— ’ , , -‘s . - ’)  for some a r b i t r a r i l y  I,i i~~,’ C , ’ ‘-im ’~ t I c , ’ c - , l c i t s , - ’ ,
‘C ~iI C

of  ( C .  ‘— ‘i t  w i t h  i n i t i a l  f,uic ”tic ’-’ic incre~~~es wi t Cc t ime t m ’ 5’ • t I c,’ c c -
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it iv , ’ ,:,‘ls,t ion

of (.1, 14) and cC.i6) over (C ’ , l ) , and so l im j n f  p “ P. But t C s , ’  u s u a l  C i d c c’ t c c’C’ cc ’S ‘c5 i (’~’i ”

solut ion show s that  li’s sup p ‘- 4’, and the theorem is ~‘c ovt’m i .  S
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C , : - c ’ C . S i c c . -  c~ 4 5” , 1 c ’ I ‘~pi i i , c - c ,  .1 t 1 c c

- 5 , 1) cc ( x  • I ) V ( x— — ‘C ~ ) )

Scr c , -~~, ‘5c c c . - s I -  s , - ‘ - i , c -  ccc x , S - - i c ~ Cc i i i : , ’- Pc ’S Cc X c c c l  ‘, c c -  S - u i , , - t  c, ’cc s cc’S

5 , s i n - ’ , - SI:, ’ c , ’, ’ . c 5 ’ c’iU~ c l i i ’  c c ,  ~-s ,’5) ~~~~~~~ 5 5 , ~5

s-c. ’- i ’  cc . - c ’,-cc , sic , - .5 ~c suIc ~ci~, d  , We ’ C c , c v , ’

I c  ‘ l + ’ y , c ) , t )  ~‘ , f
SO t m cj t  , ‘. c S  !,- t , ’ : s t i c c t  s s c . c  w c t h  t c - c ,  ,‘ . - ! 5 ,’ , we ’ . ‘f’tain

Cx , t )  ~~c: (x,t ) 0

i,’ x — x t  ) is c cj j v e n  5”,’ (9.11 , and sO

= — ‘i 5; 1
S X 

-~~

c f (-.i l - ’u p
xx x

— - 

~~ 
. ( f  ‘ p ) -

c as t b -’- .

s t )  -. 0 as -

Also ,

s c C x ,!) — U (x—c:t- , c t ) )  - , u (-~,t) — ‘ 5 ’ ’ ( ’ - , ’t - l ( t ) )  ‘ci, ’ .

t, . ,’ t 4  ‘(t C

N c s w make t h , ’ ,~ Ccaj, c~~e~ of variable, for any fixed t , f rom x t m - c  u , so that  x X ( u , t C

cc! = ‘(v ,t), assc’1 we ’  have

U I x , !) — I’ (x - c t - ~ Ct )) — fU ~~(v , t C - P  C! ’ (,‘-ct-~ ( t f l )

1 p ( v , t )

= ,~~, p ( v , t )  — P ( v )  4 cv — !I(. ’ — c t - c c ( t ) )  - F ’ ( c ~ ) }  
p(v tt

whe re , I c c ’s between v and ~
‘ ( ,‘-ct - ’c (t)). This can now he regarded ac-c an iccteqra~

s-~~cu a t  con  toss  the expression u — U ( x — c t — i  C t ) ) ,  whe re x is a funct ion  of U and t and

I is cc ’ ,~, cc dc- ,I as a 5’araxiceter. Scncv , by Theorems 4.  C • 4 .  3 , p (u , t )  — P (u )  tends C c c ’ sc-c-c c’

dcc  t -‘ u n i f o r m l y  in  u , and ç’(u,t) is bounded f rom zero i f  ‘c “ u “ i- -c , C c i  any

0, we “cc’  tha t , Ccc CC , ccc range of U

ci (x,t) — U ( x — c t - ’ C  c t ) )  
- 

+ K 5U v 1 ’  ( -‘c t ~~ C t ) )  ~~~~ C -
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11. Est crc,ite~ 01 rat,’ c f  convergence - ‘

To - tain the’sii,-iai t S:at s t rengthen Theorems 4 . 1-4 .5  by giving estimates of the rate

of ccr ”~’r c) s - r :  -
~ , it  seecScs ‘c -c, be cic?cessar ’ ,’ , when f ’ (0 )  = 0 or f ’  ( 1) = 0 , to make f u r ’? . - cc

assum 1 t ions about ‘ P s -  inst ccc l function I . We r e s t ri c t  ourse lves for  sicct~~3 i c ity to the

case wc’ce re t o e r’c1n irn cc~ decomposition is [0 , 1) i t se l f  and ?rove the fo llowinq the ’o i’r ,rn ,

Theorem 11.1. Let C s ca t i s fy  the condi t ions  of Theorem 4 . 2 ,  or of Theorem 4 . J w L c r - ’ ,’.

mxnincal de :omposc~tion consists just of [0 , 1) i t se l f .  Let u be the so lu t ion  of ( 1 , 1 - 1 )

correspo;cthng to the initial function , whe re, as ~~~~~~~ ~ € ~~~~ w i t ? .  ‘‘~~
-) = 0,

= 1, :‘ > 0 - Let U be the travelling f ront solution, with speed c , and assume

that

2 2ncin tc —4f (0), c —4f’ (l)} cc 0 .

Then, if, for some x
1

1

(11.1) e~~~~ {~~(x) - U (x- x
1) )  € L2 (— ~~,~~) ,

we have, for some constants x0
, K and cc * 

th~ last two positive,

(11.2) ju (x,t) — U (x—ct—x
0
)j <

the result being uniform in x if

either f’ (0) ~ 0 and f’ (1) p~ 0

EL f’(0)~~~0 and

or f’(l) ~~0 arid c < 0

in all other cases, if c < 0 , it is uniform for x < (c+t)t , and if c ‘ 0 * it is uni-

form for x > (c—c)t , for some c > 0

Remarks.

1. The effect of the theorem is to put extra conditions on ~ ahead of the wave ; for

(11.1) is a restriction only as x -
~ —~~ if c < 0 and as x -cc ~ if C > 0 . Further ,

if (11.1) is trUe for some x1 , then it is true for any x
1. this being a consequenTs of

the asymptotic behavior of U which is discussed in Remark S below. We could eqUi-

valently express (11.1) as
1— c x  2e (~ (x) — 14 (x) ) e Ic (—‘~,‘°)

where H is the Heaviside fun ction .
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‘l’his is  ,s c l  , , c , , L i i , l  c , ’ c : c ~~) t  icc S I c , ’  t C c , ’ c c c v  ~c f , ‘vsslcct i i ’,, ,— ,~cc ccsC c , s c,-: Cc: ,’,’, icc ,‘~~,,cc,, C, , C C

cc c’ , i c c  S 5 ’. c S c - i c ,  t’,~ ci sC sic ,,,~ m l f rom the  C u t , ’  m i c a )  c’~~cccct icc ’S, fcc ’t y nss~c’h c c c  w ‘ c l - I - c - ‘
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CCy lI ~ — - (i’y ,y) + ( c  , ‘ )  O( CC yCI ) 0 ( 1 , 1 1 ’

)

,mc c cl ~~ ,,, , - c ’  it is c ,C,cuet,ci, C t l c ,mt CC ,,’ 5 -,’ t i c  ‘ c c  1~ ‘ c i - - t ’ ’’’ ’ ’C ’ - I i cc, l’, - , i c, , Cm - ,i 0, -I- -c, , c” C c . , ’ ’

c s i s : c ’ c l s , - , ’, ’ u c’  5 _ c i s C  K 
*

ii y D K U yC I ’ i ( c ’ + c ’ ) c ’  (CI y l? C ,

C c c i  ~‘c ; I . i t  i - s c ,  ‘ c i  S l c c ’ - i c , *’ i ; ci ,iC i t  y ti ’ s H y CI ,,‘- - .,ii , ’ ,c s ic ,  tC,a t y ‘ I~
’ ( —  ‘ 

* ‘ C  C c  a l l S s u m  . 5 cc - c

i i  1 , s w. sic; I c  c ’C c m ’ , s c -c, ’ T a r b i t r a r i l y  L i i’;” ,

We c - icc in C c - S  ‘C ’ ’ much l svt t  c’s t h a r c  i C c i  s C v  ‘ C , , , ’ . :  c S , c 5  i 5 - 5 c . ’’, S a S s  I ’ . ,  c~, - C-  S I  - i c c  C - ’

it , . ;  c - c t (I cc;  C ‘ i S  h i s :  ‘ ‘ i t  C c c ’ ~~c ’ i , ; c i  C s ’  c’
’
~~~l ’ ’  

*

f ‘‘ Cs ( cc , t ) V ‘ ( z — (t  ) — It) )dz — C) ,

fl, ,- work alread y don e assu res ccc : t ha t  we are u sccc 5 if  iyci ccc si it icc q slowsc t)s , C nt c c c i c l

for  any t thy equat ion is s a t i s f i e d  by one and csniy one va lue  of It C , as cc,’ ccvi ’ isv

rewriting it in the form

f 0
C~~ v (w+’s(t), t)-U(w-~~(t fl C  I ’ (w-~~(t))~~ = ()

and noting t ha t  v is; monotonic in ci . Fcci’th,’r, -s (t C so ‘1”! ,ned i c c  a - , ‘,,S c u i s i s ’ cc- - I y

slifferyi’ctjable function of

We make tO ss :  i ’C~c c1 c ’(’ of * and note also t i - sa t  [ice c.’~ ’s’17l S ‘1 I - is ’ 5 : , ’ )  1 ,,,t ‘,‘ l l c S  w c  S

a con t inuous s;sect nm m i i ’  the r igh t of m i n l ,~cc” — r(0), — I ’  (1)~~, w fcicf c 1 - ’ “ S i  - c

posi t ive by h ypothesis , and a cli ,ccc -rp t,’ .‘;l’i’ c’i Ic c ccS t i c  ‘ C , , ’ l e f t  . l” ,ii’t iu, ’ i it tc s i - * ’ , c,’, ku1i ’cc l’\’

‘I c f f e r en t i a t i n g  the equation (11, 1) for 5’ t lcat  *“ IS’ is ass eiq enlsicict ion of C

‘-ci t ’’sponding C c c ’ lice a igenva lue 0 
* and s ince  S is ic : e iqescfunct. I i ’cc Cc : of , - , ‘u5 ~:S 5, 15 ‘~ 1 , 111 

*

m cic ;t b~ simp le and the leant eigenvalue , with all cccl i,,’ i’ ,‘ C c;s’icval’,ies c C  i s , ’S i v  i’~~~c 5 1’,’,’ ,

CLis , ’ ,’ y is orthogonal to the eigenfw-iction e~ 5’’ * we obtain from (11.5’ that

I d  2
~

‘ j~
- fl y ll < -MUyII

for some constant H 0 which icc independent of C for t suff ii ’i,’nt by Iar~c ’ , lien,’,’

-Mt( l l . t s C CC y) I — c~ (e I .

Finally, we can obtain an estimate for y (z , t )  
* w i t h  t “ T , cay , by us incc,  ~~~ tm c: c i s s l

integral equation with T as the initial t ime . This enables us i i ’ est imate CC 1( ’ , i’+ l ’ c

in term s of I l y  ( ‘ , t ) C C  2 
[cc i  T ~ ‘, T+1 * and (11.5”) then assure s us t h a t
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C

~~~ it cc ’ ,’ , , ‘c c , , t  .i,,t S’S being not no i - ,’’, ,c ai  d y  C Cc , ’ cactu s ’ at each a1sI~oax-axc ce 
* tsc it .il w mt’,- . ,

i ’S cc’ i.’l.d 1cO’ , iiicik ’~~ ’ndt sn t  i t  t .

We also wan t t c ’ show t l cat

-Mt
c ’ + ~~‘ — ~‘(e C , 

1_
c CZ

and for this purpose we m u l t i p ly ( 1 1 . 4 )  by e 11’ and integrate over C - ’  
* ‘ C .  T I c ’s . .

1 1 1

(1 1. 7) (e I” ~~‘~~ ) — - (e
2 ~~ 

U ’  ,Ly) + ( c ~ ’ + Y  ) (e~~ IS’ ,U ’ )  + o{ Ic 2 tS’ ,~ y I )
D i f f e r e n t ia t i n g

~‘cz
(a C.’’ ,y )  — 0

we obtain 
1-~~cz ~,cz(e ~~‘ 

~~~~~~~ 
— ( . i ’ +-~ * ) (e U ” ,y)

and the scalar product on the right is soon to decay exponentially by use of the s’ass,’Cc 1”

Schwarz inequality and (11.6). Also ,
1 1
~‘cz 1cz

(e” U ’ ,Ly)  — ( L ( e  t J ’ ) , y )  — 0 ,

and the remainder term in (11.7) also decays exponentially. Thus from (11.7) we have

-Mt

and so on integration , with a suitable thoice of the constant x *

(11.8) a + — x0 + O (e Mt ) ,

The proof of the theorem is now v i r tua l ly  c’xlsplete. We now have , uniformly in z ,
i
2 ~~ —Mt C

e (v (z,t )  — U (z—~ ( t ) — c s ( t )  ) }  — 0(e

I f  c 0 (the ar gs,Ine nt for c “ 0 is similar) *

- (M 4 c r ) t
v (z,t) — t S ( z — ~ ( t ) — c t ( t ) )  — 0(e ‘ ) *

uniformly for z cc C , where we choose c(c’O) sufficiently small that M 4 ~
- ~~“ 

cc C)

Thus, for z ‘- tt , we can utilize (11.8) to obtain

v(z,t) — U (z—x
0)I cc

for suitable choices of X and ,- , and this is the required result. All that remains mc:

to show that we can extend the range of uniformity to all z if f’ (1) ,‘ 0 . But in

this case
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